At e + e − colliders the QED-initial state radiation forms a large part of the radiative corrections. Their precise and fast evaluation is an essential asset for the experiments at LEP, the ILC and the FCC-ee, operating at high luminosity. A long standing problem in the analytic calculation of the O(α 2 ) initial state corrections concerns a discrepancy which has been observed between the result of Berends et al. (1988) [1] in the limit m 2 e s and the result by Blümlein et al. (2011) [2]
At e + e − colliders the QED-initial state radiation forms a large part of the radiative corrections. Their precise and fast evaluation is an essential asset for the experiments at LEP, the ILC and the FCC-ee, operating at high luminosity. A long standing problem in the analytic calculation of the O(α 2 ) initial state corrections concerns a discrepancy which has been observed between the result of [1] in the limit m 2 e s and the result by Blümlein et al. (2011) [2] using massive operator matrix elements deriving this limit directly. In order to resolve this important issue we recalculated this process by integrating directly over the phase space without any approximation. For parts of the corrections we find exact solutions of the cross section in terms of iterated integrals over square root valued letters representing incomplete elliptic integrals and iterations over them. The expansion in the limit m 2 e s reveals errors in the constant O(α 2 ) term of the former calculation and yields agreement with the calculation based on massive operator matrix elements, which has impact on the experimental analysis programs. This finding also explicitly proofs the factorization of massive initial state particles in the high energy limit including the terms of O(α 2 ) for this process.
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Introduction
At e + e − colliders a major part of the radiative corrections is due to QED initial state radiation (ISR). Therefore the precise knowledge of these corrections is of fundamental importance for the precision measurements at LEP [3] and future colliders like the ILC and CLIC [4] , FCC-ee [5, 6] and CEPC [7] . A first calculation of the O(α 2 ) corrections to the process e + e − → γ * /Z * has already been performed in 1987 [1] neglecting power corrections in the electron mass. These results have been used in the analysis of the LEP1 data in various fitting codes like TOPAZ0 [8] and ZFITTER [9] at the Z peak. These corrections will be also important for future measurements of the tt production and associated Higgs production in the process e + e − → Z * H.
A second calculation of the O(α 2 ) QED ISR corrections has been performed in 2011 [2] by using the light cone expansion and assuming the factorization of the massive Drell-Yan process. The differential cross section factorizes in this process The two calculations show differences in the non-logarithmic terms at O(α 2 ), i.e. the coefficient c 2,2 (z) does not agree.
To clarify this discrepancy we have repeated the calculation by following the steps of Berends et al. but without expanding in the small ratio m 2 e /s in intermediate steps. For many processes we find solutions in terms of iterated integrals over square-root valued letters, which can be expanded in the limit m 2 e s. In Section 2 we will give a short review of our method of calculation. The results of these calculations are discussed in Section 3 and the differences between the two calculations are quantified. In Section 4 we show the phenomenological importance of these corrections on the Z-boson peak and tt-production. Section 5 contains the conclusions.
Calculation
At O(α 2 ) the radiators due to the real emission of an additional fermion pair or of two photons from the initial state can be calculated via the integration over the 2 → 3 phase space integral over the corresponding matrix element. The phase space can then be parameterized as a four-fold integral over two angles and two kinematic invariants. Since the integration over the angles introduces at most one square-root, the integration over the first invariant can be performed using standard techniques after rationalization of the appearing square-root. After this integration the last integrand is given in terms of a linear combination of rational functions, logarithmic and dilogarithmic expression containing multiple square-roots which cannot be rationalized simultaneously. To deal with the last integral we use the algorithm described in more detail in [10, 11] to express the result in terms of iterated integrals over square root valued letters. The code is written in Mathematica and uses the routine DSolveRational of the package HolonomicFunctions [12] . For the general theory see [13, 14] and [15] , where the simpler case without endpoint singularities is discussed. The main steps can be summarized as follows: First, the logarithms and dilogarithms in the integrand are rewritten in terms of nested integrals evaluated at the last integration variable using first-order differential equations. This introduces a first set of letters needed to express the final result. Then the prefactors are now rewritten in terms of this set of letters and if this is not possible new letters are introduced into the alphabet. Finally, the last integration can be done iteratively. Since the phase space is more complicated compared to the deep-inelastic kinematics discussed in [10, 11] we find a more involved set of letters. In total we find a set of 37 new letters, the most involved ones are given by
where we used ρ = m 2 e /s and z = s /s with s being the invariant mass of the off-shell vector boson. Subsequently the iterated integrals can be expanded in the asymptotic limit m 2 e s. Although the expansion of single iterated integrals gives still rise to iterated integrals over (much simpler) square root valued letters, the full expressions in the asymptotic limit can be expressed by harmonic polylogarithms.
Results
After expanding our results for the radiators in the asymptotic limit we find differences compared to the results obtained in [1] in the non-logarithmic terms. Following the notation in [1] we will refer to the different contributions to the radiator as processes I to IV. Process I describes the contributions from photon radiation, process II denotes the non-singlet and process III pure singlet fermion pair emission, while process IV results from the interference of the diagrams of the latter two processes. We use the quantities
where C i,BBN 2 (z) stand for the radiators of Ref [1] to quantify the discrepancies between the calculations. The results for the fermion pair emission, i.e. processes II to IV, have already been given in [16] . The calculation of process I has been finished recently and we find δ I (z) = −8 + 100 33
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The sum of processes I and IV yields what has been called process I in Ref. [2] , since the method of operators matrix elements cannot distinguish between these processes. The sum of the newly calculated process I and process IV agrees with the result obtained in Ref. [2] and proofs thereby the factorization of the massive Drell-Yan process in the asymptotic limit to O(α 2 ). The quantity ∆ i (z) measures the discrepancy of the radiators and is plotted in Figure 1 . We see a 20 − 60% discrepancy between the O(α 2 ) radiators, with the largest deviation arising from process III at low values of z.
Additionally to the discrepancies above there are contributions not accounted for in Ref. [1] . They arise from the graphs given in Figure 2 and their interference with the non-singlet and puresinglet diagrams. In the following we will summarize these contributions as process V. These contributions do not contain logarithms in ρ and after expanding we recover the results of the massless calculation in Ref. [17] . The total values of the different radiators can be seen in Figure 3 . One sees that process I dominates at z → 1, where also process II is not negligible, while process III dominates for small values of z. The other radiators are numerically small. 
Phenomenology
In the following we want to present some phenomenological studies of the O(α 2 ) initial state radiation. First we will discuss the inclusive cross section of µ + µ − production before turning to the tt production at threshold. For more details and information on tt production in the continuum and associated Higgs boson production see Ref. [19] .
The Z-peak
In Figure 4 the cross section of the production of a µ + µ − pair above the threshold s 0 = 4m 2 τ , with m τ the mass of the tau lepton, of its invariant mass around the Z peak with different orders of the initial state radiation accounted is shown. The lines for the O(α 2 ) correction and the one including soft resummation are nearly identical. The theoretical threshold is s 0 = 4m 2 µ , while in measurements different cuts and a later extrapolation to the physical value was used. In analysis at LEP1 examples for the experimental cuts are s 0 = 4m 2 τ or s 0 = 0.01M 2 Z [3] . In the following we will restrict the discussion to the first cut. In general the discrepancies with the results obtained in Table 1 : Shifts in the Z-mass and the width due to the different contributions to the ISR QED radiative corrections for a fixed width of Γ Z = 2.4952 GeV and s-dependent width using M Z = 91.1876 GeV [20] and s 0 = 4m 2 τ , cf. [3] ; from [19] .
Ref. [1] become larger for smaller values of s 0 since terms ∝ 1/z which arise in process III were not correctly obtained there.
In Table 1 the shifts in the position and half-width of the Z peak of the different order ISR corrections performing the difference from one to the previous order are shown. Very similar values are obtained comparing the use of a fixed width or the s-dependent width. The peak shifts by 34.2 MeV and the width width by 1 MeV regardless of the applied ISR corrections, in accordance with Refs. [21] .
Including the e + e − pair production to the pure photon emission at O(α 2 ) shifts the width by 28 MeV while the peak position is unchanged. The exponentiation of soft photons from O(α 3 ) onward shifts the peak by 17 MeV and the width by 23 MeV. At s 0 = 4m 2 τ the differences to the radiators of Ref. [1] are not resolvable using the peak position. However, the width is shifted by 4 MeV compared to the present result. Since the current error of the half-width of the Z boson is ∆Γ Z = ±2.3 MeV [20] this of relevance even for LEP1 data. The shift of the peak position of 0.2 MeV is relevant at Giga-Z and Fcc_ee [4, 5] , where resolutions of a few hundred keV can be reached for both M Z and Γ Z , see also [22] .
tt production
For the process e + e − → tt at the production threshold we use the code QQbar_threshold [23] [24] [25] where N 3 LO QCD corrections are implemented and apply the ISR effects. The accuracy of future colliders to measure this scattering cross section has been estimated to be ±2% [26, 27] . For the top-quark mass we use the PS mass of 172 GeV. The corrections are shown in Figure 5 , they have a significant impact on the profile of the cross section. The contributions due to soft photon resummation are negligible up to √ s ∼ 344 GeV but give an additional contribution above. Here adding soft exponentiation can change the cross section between 2 and 8%. The effects of the NNLO corrections and the soft photon exponentiation both have effects of the same order or even larger than the expected experimental accuracy. 
Conclusion
We have recalculated the O(α 2 ) QED initial state radiation radiators to the e + e − annihilation into a neutral vector boson without approximations in intermediate steps. For many of the radiators we find closed form solutions in the form of iterated integrals over involved, square root valued letters. From these expressions we derived the asymptotic expansion m 2 e s and compared to the earlier calculations [1, 2] which do not agree in the non-logarithmic terms. We find agreement with Ref. [2] . We furthermore extended the calculation of Ref. [1] by adding neglected contributions and an exact treatment of the axial vector treatment.
Furthermore, we investigated the importance of the O(α 2 ) ISR corrections and the differences to Ref. [1] for the determination of the Z peak and the tt threshold. The differences to Ref. [1] can become sizable if low values of z are reached, e.g. this manifests itself as a width shift of 4 MeV in the Z boson width for a cut on the invariant mass of the muon pair of s 0 = 4m 2 τ which is larger than the current experimental error. At the tt threshold we see large corrections in the order of or even larger than the envisioned experimental accuracy. Here a more detailed study is necessary to find out whether even higher order corrections are needed.
